Abstract. In this short paper we summarize the main results of 10 years of research on network topologies carried out jointly at Aalborg University (AAU), Aalborg, Denmark, and University of Life Science (UTP), Bydgoszcz, Poland. The starting points are the Chordal Rings, which were mainly studied in UTP, and the N2R which were studied at AAU. From here the universities have collaborated intensely, and studied a number of alternatives and variations of the original topologies, based on methodologies developed both independently and jointly over time. This paper gives an overview of the work done, and provides appropriate references to the work for further details.
Introduction
Our society is becoming increasingly dependent on communication infrastructures, including broadband networks, and they are used for many aspects of our lives; Enterprises are relying on them for operating their businesses, contact with the public sector is increasingly based on self-service and digital platforms, and many services are (or are becoming) dependent on reliable high-capacity broadband connections, including services within health care, elderly care, education and homebased workplaces.
In addition, there are several projects on managing other infrastructures using communication networks in different forms, such as the Smart Grid and Intelligent Transportation Systems. This is changing the requirements for our digital infrastructure, where it is not only a matter of being able to connect to the Internet, but also of reliability and quality of the connections. This increased focus can also be seen from various projects on Internet Quality, where the most prominent is the European benchmark on Network Quality carried out by SamKnowns [1].
The study of network topologies is crucial in this regard, at multiple levels: The physical layout of the (mainly wired) networks is basically limiting what can be done at the higher layers, in terms of connectivity and distances even if the network is suffering from one or more failures, and it is important to choose wisely the optical layout in order to get the right tradeoff between reliability/availability and cost.
The research on CR at University of Life Science (UTP), Bydgoszcz, Poland, started with research projects regarding switching systems, such as the analysis of distributed structures of telecommunication servers done in [4] . A distributed telecommunication server consists of a number of identical, sophisticated, switching modules that communicate each other with the use of interconnection network. It is obvious, that the telecommunication servers provide for their subscribers the same functions and services as the large switches do. The main problem which has appeared during analysis of such the systems was the problem of choosing the interconnection network structure that links the telecommunication modules. The solutions from distributed computer systems, especially the interconnection network structure for telecommunication servers have been studied. Also here, it is obvious that the distributed computer systems are very similar in concept to the studied distributed telecommunication server, and similarly that the topology of interconnection network determines the efficiency of the entire system [5] , both in distributed computer system and distributed telecommunication server. The interconnection network structure should provide very high level of reliability as well as the level of service quality. Among the analyzed regular interconnection structures (i.e. hypercubes, meshes, Cayley's graphs, rings etc.) the rings are the cheapest and the easiest to implement ones, but they have the lowest connectivity and the highest diameter [6] . Using DWDM technology one can create virtual networks which can be modelled by the symmetric directed graphs (digraphs). i.e., a directed graph G with vertex set V(G)
. So any edge of digraph connecting vertices v i and v j can be replaced by two directed edges
The research on N 2R at Aalborg University (AAU), Denmark, took its starting point in problems from planning of broadband networks, in search for better alternatives to tree and ring based structures, which are vulnerable to single and double failures respectively. Moreover, as stated above, the availability and performance of broadband networks is getting increasingly critical for the modern society. It turned out that many of the concept and problems are similar to those of distributed systems, which also became an important source of inspiration [6] , as well those of optical networks as described above. The remainder of the paper is divided into four sections.
Section 2 provides the basic notation, and explains basic definitions, parameters and metrics used. The topologies based on N 2R are then described in Section 3, and the topologies based on CR are described in Section 4. Further work on the topologies, of which a large amount is done jointly, is described in Section 5. Section 6 finalizes the paper with conclusion and outlook.
Basic notation and definitions
A topology can be represented as a directed or undirected graph, where in the following we will assume that the graphs are undirected unless stated otherwise. Moreover, we shall always assume that the graphs and networks are connected.
Each graph consists of a set of nodes (also called vertices) connected by a set of lines (also called edges), so that edge line interconnects exactly two nodes. Since the graphs are directed we assume that if two nodes (u, v) are connected, so are (v, u). A path from a source node u to a destination node v is a set of nodes and lines (u = u 0 ), e 1 , u 1 , e 2 , u 2 , e n−1 , u n−1 , e n , (u n = v), where every line e i connects the nodes u i−1 and u i . The path length is determined by the number of lines between the source and destination node; In the previous case, the path is of length n. The distance between two nodes u and v is written d(u, v) and is determined by the length of the shortest path between them. For a node u, the set of nodes v such that d(u, v) = 1 is said to be the neighbours of u.
Two nodes are said to be connected if and only if they are neighbours. An important characteristic of a node is its degree, which describes how many neighbours it has. If all nodes in a graph has the same degree (say n), then the graph is said to be regular, or more precisely n-regular.
In general, we will mainly evaluate the topologies on their average distance and diameter, where the average distance is the average of the distance, taken over all pairs Obviously, these metrics only describe properties of topologies when there are no failure situations. In order to also quantify how a given topology performs under failure, we can also measure the k-average distances and k-diameters, based on the length of the 2nd, 3rd or k'th disjoint paths. More details and exact definitions can be found in [22] . Here, we shall just state that a key concept is the use of disjoint paths, i.e. paths which either share no lines (or no lines and no nodes), and the length of first, second and third paths. This reflects the use of path protection. Alternatively, it is also possible to make a statistical analysis, where the average distance and diameter is calculated for all possible fault scenarios of 1-2 failures, possibly with a certain probability of failure associated to each line/node (e.g. depending on the physical length of a line).
N2R
N 2R means Network of 2 Rings, and was first described as such in [2] . However they are subsets of the Generalized Petersen Graphs, which were first described back in 1950 [3] . As shown in Fig. 1 , they consist of two rings, each of size p: The outer ring, where nodes are connected as a classical ring, lines between every node in the outer ring and the corresponding node in the inner ring, and lines of the inner ring which connect every q'th node to each other. By selecting q so that p and q are relatively prime, it is guaranteed that the inner ring is actually a ring. Such a topology can be written N 2R(p; q). The distances of this topology were studied in [28] , which also describes other properties including their isomorphisms, symmetries and table-free routing schemes.
[23] described how the parameters p and q could be chosen in order to minimize the distances for networks with a given number of nodes. One of the conclusions was that it is in most cases possible to minimize average distance and diameter at the same time, and in the remaining cases minimizing first diameter and then average distance will also give average distances very close to the minimum values. A slightly later study from the same year [24] was dealing with the distribution of traffic load on the different links in the network. Yet another study introduces the "tube" as a more pratical way of deploying the N 2R topologies, and compares the reliability of single, double, N 2R and N 2R tube structures by introducing up to two faults in the network. The results show that even when errors are introduced in the network structures, the N 2R structure remain superior. Furthermore, this is also valid with a smaller margin for the N 2R tube structures. [25] introduces a simple routing scheme for N2R network structures is proposed. It is essentially table-free, routing decisions are based on node addresses, and only few calculations are needed in each node. While it does not always result in shortest paths being chosen, it is quite efficient since the chosen paths are only slightly longer than shortest paths, in particular when q is small compared to p. It is also shown that for most values of p it is possible to find small values of q which gives minimal or nearly minimal distances in the resulting network. A later paper [26] takes this observation a step further, and discusses different techniques for selecting N 2R topologies which result in short distances given the proposed routing scheme. Another enhancement of the topological routing proposed previously can be found in [27] . Chordal ring is a ring with additional arcs called chords.
Chordal Rings
Chordal ring is defined by the pair (p, Q), where w denotes the number of nodes of the ring and Q denotes the set of chord lengths Q ⊆ {1, 2, . . . , p/2 }. Each chord of length q ∈ Q connects every two nodes of the ring that are at distance q. The chordal ring will be further denoted as G(p; 1, q 1 , . . . , q i ), q 1 < · · · < q i . In general, the degree of chordal rings is 2 i , unless there is a chord of length p/2. In this case w should be even and rings' degree is 2 i − 1 [6] .
The authors in own publication [13, 14, 15] 
Further works
After getting to know the related work on CR and N 2R the collaboration between the two universities started to take off. A study was conducted comparing the distances in N 2R and CR, which showed that the N 2R generally had lower distances than CR for topologies with the same number of nodes, especially for topologies with large or very large numbers of nodes. In addition to the usual distance measures, also k-average distance and k-diameter was calculated for k up to 3.
A further decrease in distances of N 2R was proposed by having two inner rings instead of just one. By having different jump lengths of these two inner rings it is shown that the distances are significantly reducedwhile the topologies are still 3-regular and 3-connected. It is a minor drawback that these new topologies are less symmetric, but we show that the distance parameters are quite similar regardless of which node in the network they are measured from [29] . A similar scheme was proposed for the CR, and the results compared to those of N 2R [30] .
This work also lead to one of the first joint papers between the researchers in Aalborg and Bydgoszcz, namely [16] . This paper analyses degree 4 CR with two different chord lengths. Formulas for approximating diameters and average path lengths are provided and verified, and it is shown that the distances in these are significantly smaller than in traditional CR and N 2R, and also smaller than modified N 2R for topologies with up to 1500 nodes. Despite the proposed topology being of degree 4, and the modified N 2R of degree 3, they may be better suited for the optical level of fiber rings, due to its easy mapping onto the ring.
It seems to be superior also to the traditional CR, but it is not node symmetric. The work was also continued in another joint paper, namely [31] .
In addition to the ongoing work on distances, a good amount of research in Aalborg was dealing with reliability in N 2R networks, specifically on protection and restoration mechanisms [32] [33].
The joint work at this point was now focusing more on describing more variants of both CR and N 2R, and describing their characteristics mainly in terms of distances. This was to a large extend based on the concept of ideal and optimal graphs, which was first used by the researchers from Bydgoszcz [34] . This methodology was also applied to the N 2R topologies in [35] .
At the same time the concept of Topological Routing, which was mainly used in Aalborg was also applied to the CR topologies in [36] as well as for other degree 3 networks [37] .
[17] extends the work on CR by comparing 4th degree CR to 6th degree CR, focusing on topologies with different chord lengths. It is shown that, as expected, significantly shorter distances can be obtained when the node degrees are higher. Also, more comparative studies were done together, such as [18] where optimal and ideal graphs were used in deriving expressions for average distances and diameters for N 2R and CR with degree 3 and two different chord lenghts. Based on this a comparative study was made, showing that especially for large graphs this gives shorter distances than the original CR and N 2R. 
